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Abstract 

A Hamiltonian stationary Lagrangian submanifold of a Kahler manifold is a Lagrangian 
submanifold whose volume is stationary under Hamiltonian variations. We find a sufficient 
condition on the curvature of a Kahler manifold of real dimension four to guarantee the existence 
of a family of small Hamiltonian stationary Lagrangian tori. 

1 Introduction and Statement of Results 

Let M^" be a Kahler manifold with complex structure J, Riemannian metric g, and symplectic 
form CO. The Lagrangian submanifolds of M, i.e. those n-dimensional submanifolds of M upon 
which the puU-back of to vanishes, are very natural and meaningful objects to consider when M 
is studied from the symplectic point of view. To gain additional insight by studying M from the 
metric point of view, it has been fruitful to consider those Lagrangian submanifolds of M which 
are in some way well-adapted to the metric geometry of M. Indeed, it has been found that the 
Lagrangian submanifolds of M (when M is either Kahler-Einstein or Calabi-Yau) that are minimal 
with respect to the metric g possess a rich mathematical structure and their study is an active area 
of research (see e.g. [6l [T3]). 

The minimal and Lagrangian submanifolds of M are critical points of the n-dimensional vol- 
ume functional with respect to compactly supported variations. It is possible to pose two other 
natural variational problems amongst Lagrangian submanifolds of M whose critical points are also 
mathematically quite interesting. These variational problems are obtained by restricting the class 
of allowed variations. First, one can demand that the volume of S is a critical point with respect 
to only those variations of T, which preserve the Lagrangian condition; in this case, S is said to be 
Lagrangian stationary. Since it turns out that a smooth Lagrangian stationary submanifold is nec- 
essarily minimal (because the mean curvature vector field of S is itself the infinitesimal generator 
of a Lagrangian variation, as indicated in [H]), points where a Lagrangian stationary submanifold 
fails to be minimal must be singular points, and what is of interest is the precise nature of the 
set of singularities. A second variational problem that one can pose is the following. There is a 
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natural sub-class of variations preserving the Lagrangian condition, namely the set of Hamiltonian 
transformations, which are generated by functions on M; hence one can also demand that the 
volume of S is a critical point with respect to only Hamiltonian variations. In this case, S is said 
to be Hamiltonian stationary, and there are indeed examples of non-trivial, smooth, Hamiltonian 
stationary submanifolds that are not minimal. 

Hamiltonian stationary submanifolds of a Kahler-Einstein manifold M have been studied by 
several authors, notably Oh [9l[8], Helein and Romon [3l[ll|5], Schoen and Wolfson [TT1[12]. Oh 
initially posed the Lagrangian and Hamiltonian stationary variational problems and derived first 
and second variation formula. Helein and Romon showed that M is a Hermitian symmetric space 
of real dimension four, this stationarity condition can be reformulated as an infinite-dimensional 
integrable system whose solutions possess a WeierstraB-type representation. Moreover, they found 
all Hamiltonian stationary, doubly periodic immersions of into 

using this representation. 

Finally, Schoen and Wolfson initiated the study of Lagrangian variational problems from the geo- 
metric analysis point of view, for the purpose of constructing minimal Lagrangian submanifolds as 
limits of volume- minimizing sequences of Lagrangian submanifolds. 

The approach that is taken in this paper is to state a very general sufficient condition for the 
existence of a certain type of Hamiltonian stationary submanifold in a Kahler manifold M. Namely, 
we specify a condition at a point p in M which allows us to construct Hamiltonian stationary tori 
of sufficiently small radii optimally situated in a neighbourhood of the point p. Of course, a simple 
motivating example is C" where one has the standard tori of any radii built with respect to any 
chosen unitary frame at any chosen point. These tori will be explicitly used in our construction and 
will be defined carefully below. But for a more significant example, we note that all Kahler toric 
manifolds contain Hamiltonian stationary Lagrangian tori of the type envisaged here. A Kahler 
toric manifold is a closed, connected 2n-dimensional Kahler manifold (M, g, to, J) equipped with an 
effective Hamiltonian holomorphic action r : T" — > Diff (M) of the standard (real) n-torus T". The 
orbits of the group action turn out to be Hamiltonian stationary Lagrangian submanifolds of M, 
essentially because the metric g turns out to be equivariant under the action of r. Furthermore, we 
know that the image of the moment map of r is a convex polytope in M". If /u,- : M — > M" denotes 
the moment map and Mq := fi^^ {int{P)) then we know that Mq is an open, dense subset of M that 
is symplectomorphic to int[P) x T" upon which the action is free. The orbit tori located near the 
corners of the polytope turn out to have small volume tending to zero at the corners themselves. A 
discussion of the geometry of Kahler toric manifolds can be found in [Ij and the specific example 
of CP^ will be presented below for the sake of building intuition. 

On the other hand, in a general Kahler manifold M, one might expect that smooth, small 
Hamiltonian stationary tori are rather rare, with a condition depending in some way on the ambient 
geometry of M governing their existence. The archetype for this kind of a result is an analogous 
construction of constant mean curvature hypersurfaces in a Riemannian manifold M. Indeed, Ye 
has shown that it is possible to perturb a sufficiently small geodesic sphere centered at the point 
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p £ M to a hypersurface of exactly constant mean curvature, provided that p is a non-degenerate 
critical point of the scalar curvature of M [14J . 

We now explain and state the Main Theorem to be proved in this paper. Let U2(M) denote 
the unitary frame bundle of M and choose a point p £ M and a unitary frame Up E U2(M) at 
p. Let be geodesic normal complex coordinates for a neighbourhood of p whose coordinate 

vectors at the origin coincide with Up. Fix r := (ri,r2) G M^, the open positive quadrant of M^, 
with small ||r|| and define the submanifold 



If M were then T,r{Up) would be Hamiltonian stationary Lagrangian for all r and Up. In general, 
T,r{Up) is almost Hamiltonian stationary Lagrangian when ||r|| is very small, as the ambient metric is 
nearly Euclidean in geodesic normal complex coordinates. Next, for any section X £ T{J{TT,r{Up))) 
define the deformed submanifold 

fixiMl^p)) ■.= {{ri{l + X\e))e''\r2{l + X'{e))e''"):{9\d')eT^}. 

We now want to define a function on unitary frames which will be used to state the existence 
condition of the Main Theorem below. First observe that the unitary group acts on U2(M) by 
matrix multiplication in the fiber direction. The subgroup of diagonal matrices Diag C U{2) thus 
acts on U2(M) as well, and we define the function J> : \J2{M)/Diag ^ M by 

TriUp) ■.= rfR^-,ip) + 4R^^ip) 

where and R^^ are the components of the complex Ricci curvature computed with respect to the 
chosen frame at the point p. Note that this makes sense since Ric'^(e'"^, e^°^) = Ric^(^, 
for all a G S^. Furthermore, it is the case that T,r{Up) = Tir{D ■ Up) for all diagonal matrices 
D G Diag so that .7> depends on only the information contained in Up that relates to T,riUp). 

In the statement of the Main Theorem below, the norm 11 • \\„k.a is a weighted C**^'" norm with 
respect to g, defined by 

llwlLfe.a := supkl + ||r|| sup ||Vn|| H h ||r||'^sup ||V^n|| + ||r||'^+°' rv^^nl „ 

where [-Js^ is the usual Holder coefficient on S^. In addition, we take the metric on the frame 
bundle to be the natural metric inherited from g. 

Main Theorem. Let {M,g,uj,J) be a Kdhler manifold, with dim^M = 4. Suppose Up G \J2iM) 
is such that the equivalence class \Up] G \J2{M)/ Diag is a non- degenerate critical point of J-r- If 
\\r\\ is sufficiently small, then there exists Up' G U2(M) and a section X G r( J(TSr(Z//p'))) ^'^ ^^^^ 
the submanifold fixC^riUp')) is smooth and Hamiltonian stationary Lagrangian. Moreover, for any 
k gN and a G (0,1), we have ||X||„fe,Q = 0(||r|P), and the distance between Up and Up' as points 
mU2(M) is Odlrf ). 
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We note as a direct corollary that it is possible to extend the Main Theorem slightly in order 
to answer a more general question. That is, the Main Theorem finds a Hamiltonian stationary 
submanifold that is a small perturbation of T,r for ||r|| sufficiently small. Now one can ask if it is 
possible to find neighbouring Hamiltonian stationary Lagrangian submanifolds which are pertur- 
bations of Y^r' with r' sufficiently close to r. The answer to this question is that one can indeed 
find such submanifolds because the non-degenerate critical points of the family of functionals J-^' 
with r' varying in a neighbourhood of r are stable. That is, if r' is sufficiently close to r then J^^' 
has a non-degenerate critical point [Z^p(r')] near ^p]. By the Implicit Function Theorem, moreover, 
the association r' [^p(r')] smooth and this can be lifted to a smooth association r' ^ Up{r') 

Corollary. Let r := (ri,r2) G with \\r\\ sufficiently small and suppose Up G U2(M)is such that 
the equivalence class \Up] € \J2iM)/ Diag is a non- degenerate critical point of J-r- Then one can 
find a small neighbourhood V C containing r so that Tij.i{Up) can be perturbed into a Hamiltonian 
stationary Lagrangian submanifold of M for all r' £ V. Moreover, the mapping taking r' to the 
associated Hamiltonian stationary Lagrangian submanifold is smooth. 

The Main Theorem will be proved following broadly similar lines as the proof of Ye's result. 
That is, for each Up and sufficiently small ||r||, a section X will be found so that fixC^riUp)) is 
almost Lagrangian and Hamiltonian stationary; in fact the small error will be arranged to lie in 
a certain finite-dimensional space. The discrepancy comes from the fact that the Hamiltonian 
stationary differential operator possesses an approximate co-kernel (coming from translation and 
C/(2)-rotation) that constitutes an obstruction to solvability. Only when T,r{Up) is very special (such 
that the image of the Hamiltonian stationary differential operator acting on Sr(Z//p) is orthogonal to 
the associated co- kernel to lowest order in ||r||) can a solution be found. The existence condition, as 
indicated in the Main Theorem, is that \Up] is a non-degenerate critical point of J-r- This condition 
is qualitatively similar to Ye's condition in that it involves the ambient curvature tensor of M. 
But of course the condition here takes into account the freedom to choose the complex frame with 
respect to which Tjj.iUp) is built as well as the point p where Tj^iplp) is located. 

As with Ye's condition, it is not always the case that Tr possesses non-degenerate critical 
points. For example, this occurs in the case of C-P^ and of C^, despite the fact that both spaces 
contain small Hamiltonian stationary Lagrangian tori. These examples can be seen as analogues 
of the situation in M", a space which fails to satisfy the non-degeneracy criterion of Ye and where 
constant mean curvature spheres come in great abundance. It should be noted that Pacard and Xu 
have recently strengthened Ye's result by replacing the non-degeneracy condition appearing there 
with a different condition, from which they can deduce that every compact Riemannian manifold 
must have at least one point p for which sufficiently small geodesic spheres centered at p can be 
perturbed to hypersurfaces of constant mean curvature [10]. A similar strengthening should be 
possible in the Hamiltonian stationary Lagrangian case as well. 

Acknowledgements: The authors would like to thank Richard Schoen for proposing this problem 
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2 Geometric Preliminaries 
2.1 Kahler Manifolds 

A complex manifold M of real dimension 2n and integrable complex structure J is said to be Kdhler 
if it possesses a Riemannian metric g for which J is an isometry, as well as a symplectic form u) 
satisfying the compatibility condition (jj{X,Y) = g{JX,Y) for all tangent vectors X,Y. Standard 
references for Kahler manifolds are [2] and [7]. What follows is a brief description, for the purpose 
of fixing terminology and notation, of those aspects of Kahler geometry that will be relevant for 
what follows. 

The question of interest is the nature of the local geometry of a Kahler manifold. Consider 
first the simplest example of a Kahler manifold: this is equipped with the standard Euclidean 
metric g := Re( dz^ ® dz*^) and the standard symplectic form uj := — Im( dz'^ dz^^ (both 
given in complex coordinates), as well as the standard complex structure (which coincides with 
multiplication by \/— T in complex coordinates). In a general Kahler manifold, it is a fact that it 
is always possible to find local complex coordinates for a neighbourhood V of any point p E M in 
which the complex structure is standard everywhere in V, and the metric and symplectic form are 
standard at p with vanishing derivatives. In fact, more is true: the metric and symplectic form 
possess special structure in such a coordinate chart. 

It is possible to show that there is a function F : V ^ M, called the Kdhler potential, so that 
the metric and symplectic form are: 

+ i y ( _ ] (dx^ dx' + dy^ d/) 

2 ^ \dy^dx^ dx^dy^ J ' 

in the local complex coordinates (z^, . . . , z'^) or local real coordinates (x^, . . . , rr", y^, . . . , y") for V, 
which are related by z^ = x^ + iy^ . Note that 
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which is consistent with the fact that da; = 0, and locally, closed forms are exact. Write u := da, 
where a is called the Liouville form of u, and write a := ^ Ylk {x'^dy^ — y'^dx'^) for the Liouville 
form of the standard symplectic form. Note also that the Kahler potential is unique up to the 
addition of a function if satisfying d^kd^np = for all k,l. One can additionally show that it is 
possible to choose F near the origin having the form 

Hz,^) := ^\\zf + Fiz,z) 

where F vanishes at least to order four in z and z. Hence d^kd^iF = 5^1 + 0{\^z'^^). Consequently, 
the Kahler structures near the origin are perturbations of the standard structures g and Cj, whose 
Kahler potential is F{z,z) := IH-zp. 

The complexified curvature tensor of a Kahler manifold in local coordinates in V can be ex- 
pressed in terms of the Kahler potential. Namely, the complexified curvature tensor satisfies 

klmn dz^dz'-dz^dz^ ^ dz^dz^dz'^ dz^dz'^dz'^ ' 

u,v 

Dmce d^F{0) = 0, then we have 

klmn, a-,k ai::!. a -,m. a zom. ' V / 



2.2 Hamiltonian Stationary Lagrangian Submanifolds 

Interesting submanifolds of a Kahler manifold can be characterized by the effect of the action of J 
on tangent spaces. For instance, a complex submanifold of M^" is one whose tangent spaces are 
invariant under J. Two classes of submanifolds of importance in this paper are defined in terms of 
a complementary condition to that of a complex submanifold. An n-dimensional submanifold S is 
called Lagrangian if J(TpE) is orthogonal to TpE for each p G S. Hence a Lagrangian submanifold 
satisfies oj{X, y) = for all X, y G TpS and p G S. More generally, an n-dimensional submanifold 
E for which J(TpS) is transverse to TpS for each p G S is called totally real. 

We will be interested in diffeomorphisms of M that preserve some or all aspects of its Kahler 
structure. The diffeomorphisms which preserve the full Kahler structure are the holomorphic isome- 
tries and are quite rare in general. In C", though, there are holomorphic isometries: these are the 
?7(n)-rotations. The diffeomorphisms which preserve the symplectic form but not necessarily the 
metric are called symplectomorphism,s. Every Kahler manifold possesses symplectomorphisms; in- 
deed, for each function u : M ^ M the one-parameter family of diffeomorphisms obtained by 
integrating the vector field X defined by X _iLO := du are symplectomorphisms. These diffeomor- 
phisms are called Hamiltonian. The condition of being totally real or Lagrangian is preserved by 
symplectomorphisms . 

Consider now a Lagrangian submanifold S C M. If S is a critical point of the n-dimensional 
volume functional amongst all possible compactly supported variations, then S is minimal, in 
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which case the mean curvature vector Hy. of S vanishes. Suppose, however, that S is merely 
a critical point of the n-dimensional volume amongst only Hamiltonian variations, and thus is 
Hamiltonian stationary Lagrangian. By computing the Euler-Lagrange equations for S, it becomes 
clear that being Hamiltonian stationary is in general a strictly weaker condition than being minimal. 
Indeed, let (pt be a one-parameter family of Hamiltonian diffeomorphisms of M with infinitesimal 
deformation vector field X satisfying X _iu; = du for n : M ^ R. Then 



by Stokes' Theorem. Here V is the connection associated with the ambient metric g while V is the 
induced connection of S, and V- is the divergence operator. Since ([2]) must hold for all functions 
u, it must be the case that the mean curvature of S satisfies 



Equation ([3|) will be solved in this paper to find Hamiltonian stationary Lagrangian submanifolds. 

Observe that since S is Lagrangian and is normal to S, then JH^ is tangent to S and taking 
its divergence with respect to the induced connection makes sense. It is convenient to introduce 
some notation at this point so that the mean curvature (and second fundamental form) of a totally 
real submanifold can be treated in a similar manner. To this end, let S be totally real and define 
the symplectic second fundamental form and the symplectic mean curvature of T, by the formulae 



where X denotes the orthogonal projection of a vector X defined at a point p £ T, to the normal 
bundle of S at p. The symplectic mean curvature is thus a one-form on S and equation ([3]) becomes 
V ■ H = 0, where again V- is the divergence operator. 

Remark: The following observation about the symplectic second fundamental form is important. 
If S is Lagrangian then B{X,Y, Z) = uj(V xY, Z) for all vector fields X,Y,Z tangent to S since 
uj{{'V xY)\ Z) = 0. Hence we have the usual symmetry B{X,Y,Z) = B(Y,X,Z). In addition. 



we have B{X, Z, Y) = g{JVxZ, Y) = g{VxJZ, Y) = -g{JZ, VxY) = g{JVxY, Z) = B{X, Y, Z). 



Consequently the symplectic fundamental form of a Lagrangian submanifold is fully symmetric in 
all of its slots. 




(2) 



V-(J^s) =0. 



(3) 



B{X,Y,Z) ■=uj{{VxY)^^Z) and := Trace(B(-, •, Z)) 
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2.3 Hamiltonian Stationary Lagrangian Submanifolds in CP^ 

We now discuss a simple example demonstrating that the Kahler manifold CP^, equipped with 
the Fubini-Study metric, contains a two-parameter family of Hamiltonian stationary Lagrangian 
tori that are not minimal; and that there are members of this family with arbitrary small radii. 
Therefore CP^ contains Hamiltonian stationary Lagrangian submanifolds of the type we intend to 
construct in this paper. As mentioned in the introduction, the existence of these tori is expected 
because CP^ is a toric Kahler manifold. 

The family of tori in question will be obtained by projecting a family of three-dimensional tori 
in to CP^ using the Hopf projection. These are found by choosing three positive real numbers 
ri, r2 and rs satisfying rf + r| + r| = 1, and then setting 

Tr:={{ne''\r2e''\rse'''):e'eS'}. 

Here we denote r := (ri,r2,r3). Notice that T,. is foliated by the Hopf fibration: the fiber through 
the point p := (rie'^^,r2e'^^,r3e'^'^) is {e'"p : a G S"*^} which is clearly a subset of T^.. Moreover, 
this foliation is regular and thus S,. := TTHopfiTr) is a two-dimensional submanifold of CP^, where 
TTHopf '■ ~^ CP^ is the Hopf projection. Furthermore, it is clear that is a torus. 

The torus is Hamiltonian stationary for the following reasons. First, recall the relationship 
between the symplectic form u of CP^ and the Kahler structure of C^. That is, if Vi and V2 are 
two tangent vectors of CP^, then a;(Vi, V2) := Re (5(1^1, V2)) where g is the Euclidean metric of 

and Vi is the unique vector in {'n'Hopf)*^{Vi) that is orthogonal to the Hopf fiber. It follows that 
Sr is Lagrangian because if Vi is tangent to then 

and it is clear that Ile{g{iX, Y)) = for all vectors X, Y belonging to this space. Next, determining 
if Sj. is Hamiltonian stationary requires computing its second fundamental form. Now because 
is Lagrangian, it can be lifted to a Legendrian submanifold ^ Tj. of and this lifting is a local 
isometry. Furthermore, the second fundamental form of Sr coincides with the second fundamental 
form of S,.. Therefore it suffices to compute the second fundamental form of S^, which is a slightly 
simpler task and is done as follows. We can locally parametrize v by 

A : ^ (rie'^'(°),r2ei^'('*),r3ei^'(°)) 

where L^{a) := Xls-^sO!'^ ^ linear function of a := {a^,a^) chosen so that the tangent vectors 
Vg := are linearly independent and r^Lg = for s = 1, 2. This latter condition says 

that each Vg is orthogonal to the Hopf vector field. Furthermore, one can check that any other 
choice of linear functions satisfying the aforementioned constraints amounts to a reparametrization 
of Sr- The induced metric of the parametrization is 

h:=J2 lR-e{g{Vg,Vt))da' ® da* = ^ f t^L^lA da^ ^ da* 

s,t s,t \k=l / 
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which is a flat metric. The second fundamental form of this parametrization can be deduced from 

Re{giVv,Vt,iVu)) =Y,rlL';L^Lt 

k 

where V is the Euclidean connection, which shows in particular that the second fundamental form 
is parallel with respect to the induced metric. Hence its divergence is zero. Consequently is 
Hamiltonian stationary but not minimal. 

Finally we would like to know the geometric dimensions of in CP^. Since we know the 
induced metric of S^, this amounts to finding the size of the smallest domain in that maps 
bijectively onto S^. under TTuopf- After some work, we find that this domain is the parallelogram in 
the (a^, a^)-coordinates spanned by the vectors 

£.:=X;^-Re(5(i.'=|„V'.))^ .= 1,2^ 

One can check that the volume of this parallelogram with respect to the induced metric h is given 
by rir2-\/l — r'f — rg. Hence one can consider to be small when ri or r2 tends to zero. 

3 Constructing the Approximate Solution 

Let us assume in this paper from now on that the real dimension of the ambient manifold is four and 
thus that the dimension of the Hamiltonian stationary Lagrangian submanifold is two, since this 
simplifies the presentation of the results and their proofs. We expect that most of the forthcoming 
calculations should generalize to higher dimensions and similar results will hold. 

3.1 Rescaling the Ambient Manifold 

Choose a point p £ M and find local complex coordinates so that a small neighbourhood V of p 
maps to a small neighbourhood Vq of the origin in C^. Moreover, let these coordinates be such that 
the metric and symplectic form are of the type discussed in Section [2.11 Assume that the diameter 
of this neighbourhood is po £ (0, 1); let r = (ri,r2), with ||r|| < pQ, be the radii of the Hamiltonian 
stationary Lagrangian torus we intend to construct, and set p := \\r\\. Now change coordinates in 
this neighbourhood and also re-scale the metric and symplectic form via 

z ^ pz and g i— > p~^(p*g and uj i-^ p~'^ip*uj . (4) 

As a result, we obtain a new Kahler metric on a large neighbourhood ||?'||~^Vo of the origin in C^, 
where the complex structure is standard and the Kahler potential is 

Fp{z,z) := ^\\zf + p^Fp{z,z) 

with Fp{z,z) := p~'^F{pz, pz). Furthermore, the Hamiltonian stationary Lagrangian condition is 
unchanged under this re-scaling and the torus ^Sj, has radii (ri, satisfying r^-t-r^ = 1. Therefore, 
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in order to construct a Hamiltonian stationary Lagrangian torus of small radii near p, it is sufficient 
to construct a Hamiltonian stationary Lagrangian torus with unit radius vector near the origin in 
with Kahler potential Fp, but to take p sufficiently small. Finally, the weighted C^'"' norm used 
in the statement of the Main Theorem is equivalent to the standard C*^'" norm under the re-scaling. 

Remark: The advantage of working with these scaled coordinates is that it is now possible to 
express the deviation of the background geometry from Euclidean space very efficiently using the 
parameter p. In particular, Fp can be expanded in a power series in z and z starting at order four 
that has coefficients depending on p but bounded uniformly by a constant of size 0{p^). 

3.2 The Approximate Solution 

Let U2 (M) denote the unitary frame bundle of M and choose a point p e M and a unitary frame 
Up G U2(M) at p. Let {z^,z'^) be geodesic normal complex coordinates for a neighbourhood of 
p whose coordinate vectors at the origin coincide with Up. Now let r := (ri,r2) be some fixed 
vector belonging to M^, the open positive quadrant of R^, with ||r|| = 1. Define the 2-dimensional 
submanifold of given by 

^r(Up) ■.= {{ne''\r2e'''):i9\e')eT'}. 

Note that Ti^iUp) is the image of the T" under the embedding p,o : (6^,9^) 1— >■ (rie'^^,r2e'^^). We 
will denote := UriUp) when it is not necessary to speak explicitly of the frame Up from which 
T,r{Up) is built. 

The following result motivates the use of as an approximate solution of the problem of finding 
Hamiltonian stationary Lagrangian submanifolds in arbitrary Kahler manifolds. 

Lemma 1. The submanifold is Hamiltonian stationary Lagrangian with respect to the stan- 
dard Kahler structure {g,u,J) o/C^. In fact, the symplectic second fundamental form B and the 
symplectic mean curvature H are parallel. 

Proof. We include this standard calculation for the convenience of the reader. To begin, the tangent 
vectors of can be found by differentiating in ^. In complex notation, these are Ek := irfcc'^'" , 
for k = 1,2. Prom this we can immediately compute the components of the induced metric h 
and those of u restricted to S^. Indeed, since the Kahler potential is F{z,z) = \\\z\\^ , we can 
read off the induced metric and pullback of the symplectic form as the real and imaginary parts, 
respectively, of 

dz' ® dz'{Ek, Ei) = J2 rknie'^'Ssk{-ie-'^'Ssi) = rlSki- 

s s 

Thus LJ vanishes on S^, and so S,, is Lagrangian. The induced metric is given by hj^i = r'^d^i- 

Let the ambient connection be V (the bar does not denote complex conjugation here). The 
covariant derivatives of the tangent vector fields of the embedding with respect to g in complex 
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notation, are 

Since S.^ is Lagrangian, we therefore see that the parallel part (V^j^.E'/)" vanishes. We can now 
compute the symplectic second fundamental form. That is, 

Bkij = uj{Ve,Ei - {VE,Ei)KEj) = uj{Ve,Ei, Ej) 
= -Im^ dz' dz' (v E^Ei, Ej) 

s 

d d 



Im dz^ d-z^ ( - n4ze^^' ^, r,e-i^^ _) 



where m can be any of A;, / or j. This emphasizes the symmetry of B in its indices, as proved more 
generally above. From here we see Hj = h^^Bkij = 1 for each j. □ 

Remark: Note that the previous line shows that these Hamiltonian stationary Lagrangian tori are 
not minimal. 

Lemma [1] suggests that we should choose a point p G M, find local complex coordinates in a 
neighbourhood V of p as in Section 12. 1^ scale these coordinates by a factor p as above. Then if 
we embed the submanifold Ti^ into the coordinate image of V, then it remains the case that is 
Hamiltonian stationary Lagrangian with respect to the standard Kahler structure but it is no longer 
necessarily so with respect to the Kahler structure J) with Kahler potential Fp. However, if 
p is sufficiently small, then is totally real; moreover, it is close, in a sense that will be made 
more precise later on, to being Hamiltonian stationary Lagrangian. 

3.3 The Equations to Solve 

An exactly Hamiltonian stationary Lagrangian submanifold with respect to the Kahler structure 
{g,uj,J) near the submanifold S,. when p is sufficiently small will be found by perturbing 
appropriately. This will be done by first defining a class of deformations of S,. and then selecting 
the appropriate deformation by solving a differential equation. Define these deformations as follows. 
For every function X :T'^ ^M? oi suitably small norm, define an embedding px : T'^ ^ by 

px : {e\e^) ^ {n{l+X\9))e''\r2{l + X'{0))e''") . 

Note that the Euclidean-normal bundle of coincides with the bundle J{TTir) and is spanned by 
the Euclidean-orthonormal vector fields Nf^ := e'^''^^ for A; = 1, 2. Thus a geometric interpretation 
of this embedding is to view X as a section of the bundle J(TSj.) and px as the Euclidean- 
exponential map scaled by the radii ri,r2 in the different coordinate directions. We employ the 
slight abuse of notation pxC^r) '■= pxO^'^)- 
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Finding X G r(J(rS^)) so that 

A'-x(Sr) is Hamiltonian stationary Lagrangian with respect to 
the Kahler structure (5, w, J) amounts to solving two equations: 



where H{T,r) is the symplectic mean curvature of S^.. Thus one should consider the differential 
operator <^>p : r(J(rS^)) ^ A2(S^) x A°(S^) given by 



and attempt to solve the equation <I>p(X) = (0,0). Note that the first of these equations is first- 
order in the vector field X while the second equation is third-order in X. Since S,. is generally not 
Hamiltonian stationary nor Lagrangian with respect to the Kahler structure {g,uj, J) when p > 0, 
then $p(0) is a non- vanishing tensor field on depending continuously on p in some way that will 
be determined in the sequel. Certainly, however, one can assert that $o(0) = (0,0). 

It turns out that, as it stands, equation ([5]) does not represent a strictly elliptic problem. A 
few refinements are necessary in order to achieve this. First, an important observation to make is 
that the operator $p maps onto a much smaller space. In fact, it is true that the first component 
of ^p{X) belongs to dA^(Sr), the set of exact one-forms, which can be seen as follows. Observe 
that Px'^ closed and belongs to the same cohomology class as ^J-lx'-^ ^ ^ ^ But 
fi^LO = da 1 2 where a is the Liouville form, so that /UqW is exact. Therefore fj.x^ exact as well. 
The second factor of ^p{X) is a divergence; hence its integral against the volume form of nxij^r) 
must vanish. 

Next, we make an Ansatz for the section X of the bundle J(TSr). We write X := X^JEj. 
where := ir^e^^'' are the coordinate basis vectors of the tangent space TT,r, and motivated 
by the Hodge decomposition, we split X into a gradient and a curl component with respect to the 
metric induced on by the Euclidean ambient metric. More specifically, we choose X := X{u,v) 
so that Xjcj]^ = dv + idu for functions u,v : T,r ^ M., where i is the Hodge star operator of 
with respect to the Euclidean metric. By inspection, this outcome is achieved by the vector field 



where e^, satisfies e\ = 82 = and = — ri/r2 and £2 = 1^2 /i"!- Note that the mapping given by 
{u,v) I— > J\!{u,v) is linear in {u,v) and independent of p 

Using the Ansatz above, one can re-formulate (jS]) as a pair of equations for the functions u and 
V which will turn out to be elliptic. Since ([5]) is mixed a first- and third-order partial differential 
equation and X{u,v) takes one additional derivative, the functions u and v will be assumed to lie 
in C^'°^. Moreover, since A!{u,v) clearly remains unchanged if a constant is added to either u or v, 
we impose the normalization 



fix = 

V-H{px{^r))=0 



(5) 



^piX) := {p*x 
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where dVol^^ is the volume form of with respect to the metric induced on by the ambient 
Euchdean metric. Therefore define a new differential operator by 

^p{u,v) := ^poX{u,v) . 

where we use the zero subscript to denote a function space upon which our normalization has been 
imposed. 

4 Analysis of the Hamiltonian Stationary Lagrangian Operator 

In order to solve the equation ^p(u,v) = (0,0) perturbativcly, it is necessary to understand the 
mapping properties of the hnearization of the operator $p at (0,0). We will use the notation 
Lp := D(o,o)^p well as Lp := Do<&p in the remainder of the paper. Observe that Lp = Lp o X hy 
linearity. Furthermore, since $p for p > will often be compared with its Euclidean analogue at 
/9 = 0, we introduce the notation $ := $o ^ind <I> := in keeping with the convention of adorning 
objects associated with the Euclidean metric with "o". Thus we shall denote the linearizations of 
these operators by L := Dq^* and L := L o X , respectively. Again, note that L = L o X . 

This section contains the following material. First we compute linearized operator L and 
determine its kernel. It will turn out that L is not self-adjoint; hence we next compute the adjoint 
L and compute its kernel. Finally, we compute Lp with enough detail to be able to give estimates, 
in terms of p, for the difference Pp := Lp — L. 

4.1 The Unperturbed Linearization 

Let ^ be the Hamiltonian stationary Lagrangian differential operator with respect to the standard 
Kahler structure {g,(l>, J). The task at hand is to compute its linearization at zero, denoted by L. 
Since ^ = ^oX and X is linear, the main computation is to find the linearization at zero of $ acting 
on sections of J(rSr), denoted by L. In the computations below, repeated indices are summed, a 
comma denotes ordinary differentiation and a semi-colon denotes covariant differentiation. 

Proposition 2. Let S C 6e Lagrangian for the standard symplectic structure. Let X be a 
section o/iV(S) = J(TS), and write X := X^JEj where Ei,E2 is a coordinate basis for the tangent 
space ofT.. Write L{X) := {U^\X) , L^'^^X)) . Then 

lW(X) :=d(XjcI;) 

L(2)(X) = -{kx^).,m - U^y^Hs{X^Biku).^ + h^^Hk{X^H^).^ - U^y'h^'i{X^Bs,uBjkl) ■ 

Proof. The formula for L^^'^ is straightforward. Recall that it is a standard computation involving 
the Lie derivative of a 2-form to show that ^Mtx'^lt— o ~ d(X j u) -\- X j duj. Therefore since 
dw = then U'^\X) = d(X jw) as desired. 
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The remainder of the proof concentrates on the computation for L^'^\X). Let S be a Lagrangian 
submanifold of C'^ carrying the Euchdean metric g, and let X be a section of the normal bundle 
of S. Let /Uf : ^ be a one-parameter family of diffeomorphisms with ^y^t\^-Q = X and 
set S* := Next, choose Ei,E2 a local coordinate frame for S coming from geodesic normal 

coordinates at po £ 5] in the induced metric /i at i = 0. Then JEi, JE2 is basis for the normal bundle 
of S at t = 0, because S is Lagrangian, but it does not necessarily hold for \t\ 7^ since jit is not 
assumed to be a family of symplectomorphisms. However, for p near and TpM = TpT, © J{TpT,). 
We write = JEj. Note that X and E^ commute along fit, and since X is transverse to S, 
we can extend the fields Ek locally using the diffeomorphism nt to a basis for T^^(j)-^Tj^, for \t\ small. 
In these coordinates the matrix for h on E* is the same as that for on TS. The computations 
below are evaluated at po at t = 0. 

In terms of the local coordinates introduced above, we have 

V • F(E*) = U^y^B^kk^ 

where h^i := g{Ek,Ei) is the induced metric, h^^ are the components of the inverse of the induced 
metric, V is the induced connection, and 

Bjki ■■= d;{{VE,Ek)^, El) = uiVE.Ek, El) - f El) (7) 

with r*^ the Christoffel symbols of hj^ and V the ambient Euclidean connection. 

The terms in O aU depend on t. Since V • = U'^Hi-ra = h^'^Hi^^ - U'^tf^Hs where 

Hi := y^Bjku differentiating ([7]) at t = yields 



= {h}n'Hi,m - h'^{TUHs + h'^^dHi)') 

t=0 



where a prime denotes the value of the time derivative at zero. 

Expressions for {h}"^)' and (Lf^)' and {Hi)' are now required. To begin, it is straightforward to 
compute 

(ffm)' = h'"' {[^'^ Biqu) + {X'^Brrigu).i " {X''Blmu).g^ ■ 

Next 

{Hi)' = {y^)'B,ki + y\B,ki)' = -2y'h^''X^B,guBjki + y^B.kiY 
and the fact that both r^^(po) and wL^ vanish at t = implies 



{Bjkiy= ^^(i:;{VE,Ek,Ei) -t'j^il;{E,,Ei 
^(u;{Ve,E,,Ei 



i=0 
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= u{VxVE,Ek,Ei)+^{VE^Ek,VxEi) 

= 00 [Ve, Ve,X,Ei)+uj {Ve, Ek,VE, X) 

= EjCo{V E^X,Ei) - Co{V E^XS E,Ei) + ^{V E.EkS E^X) 

= -E,g{VE,{X'^E,),Ei) +g{VE,{X'^E,),VE,Ei)+g{VE,Ek,VE,{X''E,)) 

where V is the ambient connection; we have used that X commutes with along fit, that the 
ambient curvature vanishes, and that lv is parallel. Now 

Ve,{X'^E,) = XjE, + X^Ve.E, = XlEt - X'^K^^ Bi^^JE, . 

Note that at t = 0, V E^Ej is normal to S at and moreover g{V EjE^, JEm) = —Bj/^m at pq. 
Thus we have 

{Bjki)' = -Ejg{XlE^ - Xih^-BkguJE.,Ei) - X'^h^^ B^^^J E,,V E,Ei) 

+ g{VE,Ek,X^iEg - X'^k-^Big^JE,) 

= —X'^f^jhql + X'^BkquBjlvh^'" + X'^BjkuBlq^h^'" . 

Everything can now be put together: 

U^\X) = -2h^'^h^^X-BsguHi,m 

- h'ms{2{X^Biqu).^h'^ - iX^H^).J 
-2h'^y'h'^%X^B,q^B,ki).^ 

+ n-^y^i^ — X'^^-hqi + X'^BkquBjivh^^ + X'^ BjkuBigyh'^'") ,^ 

= -(AX™);^ - h'ms{{X^Blq^). J'^ - {X^Hu).q) 
-h'"'h^'h'"'{X^B,q^Bjkl).^ 

This is the desired formula. □ 

To compute L^^-* for the torus T,r, note that both B and H are parallel tensors in this case. 
Consequently the second fundamental form term in L^^^ becomes simply X i— > — where 

^kl jj j^lsm B^ fj^ -I- 

s ' sq 

and furthermore, we can compute precisely: substituting and hki = r'^Ski and Bjki = r'^5sj6sk^si for 
the induced metric and symplectic second fundamental form of S.^ with respect to the Euclidean 
metric yields 



I m 



Now let X = X{u,v) as in ([6]) and substitute this into the formulae of Proposition [2] to find the 
linearization L. 
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Corollary 3. Let {u,v) G C^'^i^r) x Co'°(S^). Write L = {V \V '). Then 

i} \u, v) := didu 

i^'^ {u, v) := AiAv) + A'^^v.im + A'^^elu-mk • 



4.2 The Kernel of the Unperturbed Linearization 

The determination of the kernel of the linearized operator L is best done in two stages. First one 
finds the kernel of L and then one takes into account the effect of X. Thus the starting point is to 
express the formute of Proposition [2] explicitly in local coodinates. To this end, suppose that is 
given in local coordinates by its standard embedding. Make the Ansatz X := Ylk-^^i~^k^^^^ ^k) 
for the deformation vector field in the formulae from Proposition [2] to obtain 

L{x) = -r£ rlx'.de^ A d0\ 1 - X%) + j . 

y i,k i,k ^ i '■ j 

The operator L thus becomes a constant-coefficient differential operator on the torus. Solving the 
equation L{X^ = (0, 0) for the kernel of L thus becomes a matter of Fourier analysis. (Note: 
this calculation appears in [9] for the n-dimensional torus; it is included here for the sake of 
completeness.) 

Proposition 4. Expressed in the local coordinates for the standard embedding ofEr, the kernel of 
L consists of vector fields X := '^kX^{—rf^e^^^-^) where 



^2 QQk 



with f{9) :=a + ^ • {bji cos{9^) + bj2 sm{9^)) + ci cos{9^ - 9^) + C2 sin(6l^ - 6^) and a, bjs, c^, Afc G 



'3 

Proof. The first equation in L{X) = (0, 0) implies either: that X^ is constant for every k, and thus 

2 

k^ 

k_ ^ df 



the one-form r'^X^d9^ is harmonic on S^; or else that there is a function / : — > M with 



rl 89^ 



In the first case, the second equation in L[X) = (0, 0) is satisfied trivially. Note that a one-form 
of this type is not exact, implying that X is not induced by a Hamiltonian vector field. In the 
second case, insert X^ := "^^^^^ into the second equation to find 



1 2 

i.k i k i 'i' 
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This is a constant-coefficient, fourth order elhptic equation on the torus which can be solved by 
taking the discrete Fourier transform. The Fourier coefficients f{n) := (/, e'^ ") of the solutions 
must thus satisfy 

\ i,k i k i "i- I 

The trivial solution of this equation is ni = 77-2 = and this corresponds to the constant functions. 
There are also non-trivial solutions of this equation: either nj = ±1 for some fixed i and all other 
rik = 0; or else = ±1 and rij = ^fl for i ^ j- The fact that there are no other non-trivial 
solutions can be seen as follows. Summing over i,k £ {1,2} explicitly and re-arranging terms 
yields the equation n| it rii + r^r2"^(n2 + ^2) = 0. But since the quadratic x"^ ± x + C'^ only has 
the integer roots x = 0, 1 when C = and no integer roots when C 7^ 0, it must be the case that 
(ni,n2) = (1,0), (0, 1), (1, —1) or (—1, 1). Computing the inverse Fourier transform now yields the 
desired vector fields in the kernel of L. □ 

Observe that there is a geometric interpretation of the kernel of L. The one-parameter families 
of complex structure-preserving isometrics of are the unitary rotations and the translations. 
Each of these is a Hamiltonian deformation where the Hamiltonians are given by linear functions 
in the first case and quadratic polynomials of the form z z* ■ A ■ z in the second case, where 
j4 is a Hermitian matrix. Of these, only the non-diagonal Hermitian matrices generate non-trivial 
motions of S,.. The restrictions of these Hamiltonian functions to are the functions of the form 

f{e) = {bji cos{e^) + bj2 sm{9^)) + ci cos{e^ - e^) + C2 sm{e^ - e^) a^, bjs, c, G M (8) 
j 

in the kernel of L. The remaining elements of the kernel of L derive from another set of deformations 
of Tir which preserve both the Lagrangian condition and the Hamiltonian-stationarity. These arise 
from allowing the radii of to vary — in other words the deformations S* := S^+at for some 
a = (01,02). 

The effect of the substitution X = X{u,v) is to restrict to a space of deformations that are 
transverse to those deformations for which Xj u; is closed but non-exact. In particular, this 
excludes the harmonic one- forms from the kernel of the operator L. 

Corollary 5. The kernel of L is 

K := {0} X spaniR{cos(e^), cos(^2), sin(6'^), sin(02)^ PQg(^i _ ^2^^ g-^^^^i _ ^2^1 

Note: the constant functions are not in /C because the conditions u dVol?- = f v dVolv = 
have been imposed on functions in the domain of h. 

4.3 The Adjoint of the Unperturbed Linearization 

The operator L computed in Section 14.11 is not self-adjoint. Thus it is necessary to compute its 
adjoint and find the kernel of its adjoint in order to determine a space onto which L is surjective. 
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Proposition 6. The formal adjoint oft : Co'"(S^) x Co'"(S^) ^ C2'°(dAi(S^)) x C°'"(S^) 
is the operator L* := {[L*]W , [L*]'-^^) : C^'"{dA^^r)) x C^'"{^r) ^ '^o'"(Sr) x where 

[L*]W(u,v):=Au + A"^'e1v,mk 
and a'*" = 2r~'^(5''" — r^'^r^ as computed earlier. 

Proof. Straightforward integration by parts based on the formulae for L and X. □ 

The kernel /C* of the adjoint L is now easy to find, given the formula ((9]). Consider the equation 
L {-kUjv) = (0,0) for {u,v) E CQ'°($]r) x C"''"($]r). The second of these equations along with the 
calculations of Section [4.21 implies that v is of the form ([8]) found before. Now u can be determined 
from the first of these equations via An = —A^"^e'[v-mk- Since the form of is known, one can in 
fact determine u explicitly. Note that we will employ a slight abuse of notation below by identifying 
Co'"(Er) with C*='"(dAi(S^)) via the Hodge star operator. 

Corollary 7. The kernel of L is 

K* := span]R{(0, 1)} © spaniel cos(6'^) • (l,rir2) , cos(6'^) • (1, -rir2) , 

sin(6l^) • (1, rirs) , sin(6l^) • (1, -nrs) , 

cos(^i - . (0, 1) , sin(0i - 02) . (0, 1)} . 

Note that the projections of the cos(0^— 0^) and sin(0^— 0^) co-kernel elements to the first coordinate 
vanish; this fact will be used crucially later on. 

4.4 The Perturbed Linearization 

Let $p be the Hamiltonian stationary Lagrangian differential operator with respect to the Kahler 
structure {g,u:,J) corresponding to the Kahler potential Fp{z,z) = ^H^^P + p'^Fp{z,z) with p > 
0. The task at hand is to compute its linearization at zero, denoted by Lp and express it as a 
perturbation of L in the form Lp = L -\- Pp. Then the dependence of Pp on p must be analyzed. 
Since $p = ^pO X and X is linear, once again it is best to start with the linearization of ^p acting 
on sections of /(TS^), denoted by Lp. In the computations below, repeated indices are summed, 
a comma denotes ordinary differentiation and a semi-colon denotes covariant differentiation with 
respect to the induced metric. 

Proposition 8. Let T, be a totally real submanifold of equipped with the Kahler metric g. Let 
X be a section of J(TS) and write X := X^ JEj where {Ei,E2} is a coordinate basis for the 
tangent space ofT.. Write Lp{X) := {l''p\x) , Lf\x)) . Then 

L«(X) :=d(Xju;) 
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where 



£i{X) := -(AX");^ - h'^'X'R.i - h'^h't^H^.^X' B^si 

+ h!'^k'^h'''^[X^{BksqBjlu — BksqBjul — BqskBjul)) 

- h'VHu{X'B,,i),^ + h'^h'i^Hu{X'BuJi,^ 
S2{X) := -h'^h'i^{y^BjkiUC{XU - {h''^y^h^'^C{XUBjki).^ 

- \h!'™'y^h^'^Bjks{C{X)qi^rn + C{X)rm,;l — C{X)im-q) 

+ h^^h^'^X^{g{V{iVE,Es)^)A^E,Ei)^)+9{{VE,E,)^Mi^E,Es)^))).^^ 

- ^hVh''^iOsl{/3iX)gj.k + P{XU;j - PiX)jk;g + C{X)gj.k + C(X),fc;, - C{X)jk;g)., 



and also C{X)ki := X.^^a;,, + X^^Usk, P{X)ki ■= X'{Bksi + Bi^k), and V : TM ^ TM is the 
operator giving the difference between the orthogonal projection of a vector W € TpM onto NpT, 
and its orthogonal projection onto J{TpTi). 

Proof. The formula for L^p^ follows as before; thus consider L^p\x). In general, let S be a totally 
real submanifold of M. Let X be a section of the bundle J(rS). Let : M — > M be a one- 
parameter family of diffeomorphisms with ^/x* = X and set := fJ^ti^)- Note that although X 
is always transverse to S, it is not necessarily normal to S because S is not necessarily Lagrangian. 

Next, choose Si, £'2 a local coordinate frame for S coming from geodesic normal coordinates 
at po S S in the induced metric h at t = 0. Then JEi,JE2 is basis for J{TpTi) for p near pQ, 
and TpM = TpT. © J{Tp^) for such p. We write X\^ = J{X^Ej) = XUEj. Note that X and Ej, 
commute along fj,t, and since X is transverse to S, we can extend the fields E^ locally using the 
diffeomorphism fit to a basis for T^^j-p^S*, for |t| small. In these coordinates the matrix for h on S* 
is the same as that for fi^g on TS. The computations below are evaluated at pq at t = 0. 

In terms of these coordinates, we have 



where hj^i := g{Ej^,Ei) is the induced metric, h^'' are the components of the inverse of the induced 
metric, V is the induced connection, and 



where F*^ are the Christoffel symbols of hj^, and V is the ambient connection of g. 

The terms in (jlOp all depend on t. We will now compute the first derivative of (jlOp at t = 0. 
By writing 



V • = h^"'h^''B. 



'jkl;m 



Bjki ■■= io{{VE,Ek)^,Ei) = u;{VE,Ek,Ei) - T'^^oj{Es,Ei), 



(10) 



V • = h^'^Hi, 
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we find 



-(V.ff(E')) 



where once again a prime denotes the value of the time derivative at zero. 

We compute the first variation of the metric h. The fact that S is not assumed to be Lagrangian 
for Lo influences the outcome of the computation. We have 

{hkiY = giVxEk, El) + g{Ek, V xEi) 

= X%g{JEs, El) + X'g{JVE,Es, Ei) + X^^C^^., ^fe) + X'g{JVE,Es, E^) 
= X^f^Usi + X^iUJsk + X^ {Bksi + Bisk) ■ 

Define C{X)u := X^^ojsi + X^^ojsk and l3{X)ki := X^^Bksi + Bisk)- Note that if S were Lagrangian 
with respect to uj then C{X) would vanish identically and I3{X) would equal 2X^Bkis- It is now 
straightforward to compute 

{^ti^ly = _hkm^l<lh>^^ = -h^^h"i{(i{X)m^+C{X)m^) 



(rL)' 



Next we have 



-h}"i {(3{X)^l.,m + m\m;l " m)lm;q + C{X)qi,^ + C{X)q^,i - C{X)i^,q) 



m' = ^^{h^'B.ki) 



t=0 



= -h^^h'"^{P{X)mg + C{X)mg)Bjkl + h^\Bjkl)' . 

Wc now use the facts that uj and J are parallel, that X and Ek commute along //j, and rjj^.(po) 
vanishes at i = to deduce 



jkl) 



d 
'dt 



-UJ 



{{VE,Ek)^,Ei) 



t=0 



= uj{V E,Ek,Ei) + uj{V E.EkS xEi) - {T]JuJsi 

= u{VE,yE,X, El) + uj{VE,Ek.^ Ve.X) + uj{R{E,,X)Ek,Ei) - (T^JuJsi 

= -Ej[g{VE,{X'Es),Ei)] +g{VE,{X'Es),VE,Ei) + g{V EjE^y E^iX'Es)) 

— x^Rjski — (r^fe) W 

= -Ej[g{X^kEs + {Ve,{X'Es))^,Ei)] +g{X^kEs + {Ve,{X'Es))^,Ve,Ei) 
+ g{VE,Ek, Xps + {Ve,{X'Es))^) - X'Rjski - (r|fe)W 

where RjsM are the components of the ambient curvature tensor. Now using the fact that we've 
arranged to have Ve -E/j orthogonal to S at at i = 0, we can deduce 



{Bjki)' = -Ej[g{X^,Es,Ei)] + g{{V e,{X^ Es))^ ,V e,Ei) 
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= -Xi,k, + X^g{{VE,Es)^, {^E,Ei)^) + X^g{iVE,Ek)^, {Ve,E,)^) ^^^^ 
— X'^Rjski — {^]k)'^si ■ 

To deal with the (V^;^^^^)''" terms we introduce the operator V on TpM which is the difference 
between the orthogonal projection onto NpTj and the orthogonal projection onto J{TpTi). Now, for 
any W € A'pE, we can write 

W = h'^giW, JEj)JEi + V{W) = -h^^Lo{W, Ej)JEi + V{W). 

where we've used the fact that J is an isometry. Consequently (jlip becomes 

{BjkiY = -Xi-kj + X'^h^'^BksqBjiu + X^h^'^BisqBjku 

+ X'g{V{{VE,Es)^),{VE,Ei)^)+X'g{{VE,Ek)^,V{{VE,Es)^)) 

— x'^Rjski — O^jkY'^si ■ 

(2) 

We have now computed all the separate constituents of Lp {X). It remains only to put every- 
thing together. We find 

— ^h''"^h^'^h^'^Bjks{C{X)gi.m + C{X)gm-i — C{X)im-g) 

- {h'^y^h'^^B,kmXU+C{XU)).^ 

+ h!'"^y^{ - Xi-kj + X'^h'^^BkqsBjiu + X'^h^'^BisgBjku) 
+ hVx^{g{V{{VE,Es)^),{^E,Ei)^)+g{{VE,Ek)^,V{{^E,E,)^))).^^ 
-h'"^y\X^R,ski + {T%)'^si).^^ 
= £i{X)+£2{X) 

where £i{X) and £-2{X) are as in the statement of the proposition. In attaining these expressions, 
we have expanded (3{X)ij = X^(Bisj + Bjsi) and we have denoted the components of the ambient 
Ricci tensor by Rgi- The point of arranging the outcome of the calculation in this way is because 
the term £i{X) has the same form as the linearization of the Hamiltonian stationary Lagrangian 
differential operator at a Lagrangian submanifold while the term £2{X) vanishes at a Lagrangian 
submanifold. □ 

The next step in the calculation is to determine the decomposition L^p\x) = L^''^\X) -\- Pp^^ (X) 
for s = 1, 2. Of course, L^p\x) = d{X _i lo) according to the usual Poincare formula and so 

P(1)(X) = d(Xja;) -d(XjcI;) = d(X j (u - w)) . 
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For Pp'^\ observe that £i{X) has the same form as L'^'^^(X) and £2iX) vanishes when p = 0. Thus 
formally we can decompose 

(X) = (fi(X)-L(2)(X))+£:2(X). 

We will not determine the precise form of the operator £i{X) — L^'^\X) since these details will not 
be needed in the sequel. 

Corollary 9. The components of the operator Pp are 

:=d(Xj(^-cI.)) 
(X) := {8,{X) - U^\X)) + £2{X) 

with notation as in Proposition^^ 

We now obtain a corresponding decomposition L^p^ := ^ + Pp*^ where P^p'^ := Pp*^ o X. 
4.5 Estimates for the Perturbed Linearization 

The norms that will be used to estimate the various quantities involved in the proof of the Main 
Theorem will be the standard C''^'" norms; these will be taken with respect to the background 
metric g when the quantity being estimated is defined in and with respect to the induced metric 
h when the quantity being estimated is defined on the submanifold S,.. Note that these norms 
are equivalent to those defined by the metrics g and h and coincide with the norms used in the 
statement of the Main Theorem when the re-scaling of Section 13.11 is reversed. Begin with the 
following lemma. 

Lemma 10. Let Ti be a totally real submanifold of equipped with the Kdhler metric g. Fix 
a G (0, 1) and k £ 'N. There is a constant C independent of p so that for all X G r( J(rS)) and 
W G T(NY^) the following estimates hold: 

\\9 — 9\\c'''"{M) ^ Cp'^ \\V ■ X — V ■ -'^llcfe.Q(Er) — C^P^W^Wc^'^CEr) 

\\UJ - w||cfc.«(Af) < Cp'^ l|C(-'^)||c'=.«(E^) < C'P^ll^llc'=+i.°(Sr) 

||P - -B||cfc,Q(20 < Cp'^ \\'^{W)\\ck,<^(^Sr) ^ C'/'^ll^llc"=."(s,.) 

\\H - -ffllcfc.a(E^) < C'P^ ll'^2(-^)|lc'=.«(S^) < Cp'^\\X\\(jk+2,a(^^^) . 

Furthermore, the operator T> vanishes if S is Lagrangian. 

Proof. The estimates mostly follow from the estimate of the Kahler potential Fp{z,z) := ^H^P + 
p'^Fp{z,z), where Fp{z,z) := p^^F{pz, pz). Recall that for any multi-index a the derivative 
d'^F{C,C) is OdlCII*^"") for \a\ < 4, and 0(1) for |a| > 4. This immediately gives the first two 
estimates. The estimate on the symplectic second fundamental form comes from the following (and 
then immediately implies the estimate on the mean curvature one- form): 

B{X, Y, Z) - B{X, Y, Z) = uj{{VxY)^,Z) - Cj{{VxY)^,Z) , 
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where {VxY)^ = VxY - 0g{VxY,Ej)Ei and {V xY)^ = VxY - °g{V xY,Ej)Ei. The above 
estimate of {g — g) yields the analogous estimate of V — V, which together with the equation above 
then yields the estimate of B — B, as well as the estimate on the divergence. 

We now estimate V, which, together with the above estimates, will also yield the estimate of 
£, and thus complete the proof. Let W G A?pS be a unit vector. Recall from above that 

V{W) = W- h^^g{W, JEj)JEi = W + h'^uj{W, Ej)JEi. 

If we use the orthogonal decomposition of W with respect to the metric g, denoting it as = 
W-^ + W\\, then since g{W,Ej) = 0, we have immediately g{W,Ej) = 0{p^). Thus = O(p^). 
Furthermore, since S is Lagrangian for a;, then W-^ = —h^^u!{W^,Ej)JEi = —h''^uj{W,Ej)JEi. 
Thus V{W) - "W^ll =W^ + h'^u{W, Ej)JEi = 0{p^). □ 

Based on these elementary estimates, we have the following estimates of Pp and Pp on a totally 
real submanifold S. 

Proposition 11. Let T, be a totally real submanifold of equipped with the Kdhler metric g. Fix 
k & N and a G (0, 1). There is a constant C independent of p so that 

\\P'^^\X)\\cu,o.<Cp^\\X\\ck+,,o. 
\\Pf\X)\\cu,o.<Cp^\\X\\ 
\\Pf'{u,v)\\ck,o. < Cp^||(n,i;)||cfc+i,axCfc+i.« 

\\Pf\u,v)\\ck,c < Cp'^\\{u,v)\\ck+2,a^Ck+2,c, . 

5 Solving the Hamiltonian Stationary Lagrangian PDE 
5.1 Outline 

In this final section of the paper, the equation ^p{u,v) = (0,0) will be solved for all p sufficiently 
small using a perturbative technique. An initial difficulty that must be overcome is that it is not 
possible to find a suitable inverse for the linearized operator Lp := D(o,o)^p with p-independent 
norm because the operator L := D(o,o)^ has a non-trivial, six-dimensional kernel and fails to be 
surjective since its adjoint has a seven-dimensional kernel. This fact makes a three-step approach 
for solving *p(n, v) = (0, 0) necessary. 

Step 1. The first step is to solve a projected problem wherein the difficulties engendered by the 
kernel and co-kernel of L are avoided. Let /C be the kernel of L and let /C* be the kernel of L . Let 

be the L^-orthogonal projection onto [/C*]-*- with respect to the volume measure induced from the 
Euclidean ambient metric and consider the operator 
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The first step is tlius to solve vr o $p|^^(u, f) = (0,0). The linearization of this new operator is 
vroZpl^j^ which is by definition invertible at p = 0. This operator remains invertible for sufficiently 
small p > 0, and it will be shown below that a solution of the non-linear problem 

7ro^p\^^{u,v) = (0,0) 

can be found. We will denote the solution by {up,Vp) and let T^riUp) := ^ix{up,Vp){^r(Up)) be the 
perturbed submanifold generated by this solution; we will abbreviate this by Y^r when there is no 
cause for confusion. 

Step 2. The previous step shows that a solution (u, v) := (up, Vp) of the projected problem on Ti^ 
can always be found so long as p is sufficiently small. One should realize that the solution (up, Vp) 
that has been found depends implicitly on the point p G M and the choice of unitary frame Up 
at p out of which has been constructed. Moreover, this dependence is smooth as a standard 
consequence of the fixed-point argument used to find {up,Vp). The solution is such that ^p{up,Vp) 
is an a priori non-trivial but small quantity that belongs to /C*. 

In the second step of the proof of the Main Theorem, it will be shown that when an existence 
condition is satisfied at the point p £ M, there exists Up so that ^p{up, Vp) vanishes except for a com- 
ponent in the space spanjgKO, 1)}. We set this up as follows. First, write /C* = spauj^KO, 1)} © /Cq 
where /CjJ := svim^{f^^^v'^^\. . . , /(6)i;(6)} and the u^*-* are constant vectors determined in Corollary 
US normalized so that the second component ^ = 1- Therefore 

6 

^{up, Vp) = a(0, 1) + X] bjf^^'>v^^'^ for some a,bi, . . . ,b6 e R 

Now define a smooth mapping on the unitary 2-frame bundle U2(M) over M, given by 

Gp : U2(M) ^ M6 
GpiUp) := (/«,..., If)) 

where 

I^iUp) := £ (/« - c«)^;« • ^{up,Vp)dYolj:^ (12) 
and c^*) has been chosen to ensure that /^^ (/(^) - c(^))dVols, = 0. We now have 

6 
i=l 

and would now like to find Up so that Gp{Up) = 0. This will turn imply that bi = for all i because 
the matrix whose coefficients are the integrals /^^ /(■' V^'^dVols, is an invertible matrix. 

The idea for locating a zero of Gp is first to find Up so that Gp{Up) vanishes to lowest order 
in a Taylor expansion in powers of p, but in such a way that Gp remains locally surjective at this 
Up. The implicit function theorem for finite-dimensional manifolds can then be invoked to find a 
nearby Upi for which Gp{Up') = exactly. 
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Step 3. The previous step shows that the only non- vanishing component of V ■ H(Tir) is perhaps 
the projection of V • H(T,r) to span]g{(0, 1)}. But the divergence theorem can now be invoked to 
show that this component must vanish as well, thereby completing the proof of the Main Theorem. 

5.2 Estimates for the Approximate Solution 

To begin, we must compute the size of ||$p(0, 0)||c2,c«x(70,a which must be sufficiently small for the 
perturbation method of Step 1 to succeed. 

Proposition 12. There is a constant C > independent of p so that 

||*p(0,0)||c2.«xco.c« <Cp\ 

Proof. By Lemma [H we have ^(0,0) = (0,0). By Lemma [TOl we have || 
Furthermore, by writing 

V-H = V-H + {V-V)-H + V-{H-H), 

we have 

||V • -?/||(^0,a < C/J*^ ||(^0,c« + \\H — H\\Ql,a < C p^ . 

again using the estimates of Lemma [TOl □ 

5.3 Solving the Projected Problem 

This section proves that Step 1 from the outline above can be carried out. 

Theorem 13. For every p sufficiently small, there is a solution {up,Vp) G ^CQ'"(Sr) x CQ'"(Sr)^ H 
/C^ that satisfies 

no^p{up,Vp) = (0,0) . 
Moreover, the estimate \\{up,Vp)\\c4,ay.Q4,a <Cp^ holds. 

Proof. The solvability of the equation vr o $p(n, v) = (0, 0) is governed by the behaviour of the 
linearized operator tt o Lp between the Banach spaces given in the statement of the theorem, as 
well as on the size of ||$p(0,0)||(72,QxcO'°> which we know to be 0{p'^) by Proposition I12[ 

First, by standard elliptic theory, the operator vr o Z is invertible between /C^ and [/C*]-*- with 
the estimate 

llvr o i:(n,?;)||c-2,«xC0>« > C\\{u,v)\\c4,c.^c'^,o. 

where C is a constant independent of p. Consequently, if p is sufficiently small, then the operator 
TT o Lp is uniformly injective with the estimate 

(J 

llvr o Lp(n,z;)||c-2,^xC0.- > -^\\{u,v)\\ci,^y^c'^,^ . 
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Hence by perturbation, the operator it o Lp is also surjective onto [/C*] and the inverse is bounded 
above independently of p. 

The remainder of the proof uses the contraction mapping theorem. First, write 

TT o $p(m, v) := tt o $p(0, 0) + vr o Lp{u, v) + tt o Qp{u, v) 

where is the quadratic remainder (in u and v) It is fairly straightforward to show that 
satisfies the estimate 

\\Qp(.Ul,Vi) - Qp(n2,U2)||c2,cxC0.° < +U2,Vi +t;2)||c4,«xC4>« 11(^^1 -U2,Vi - ?;2)||c4>-xC4.« 

for some constant C independent of p, provided p is sufficiently small. This is because such an 
estimate is certainly true for the quadratic remainder of ^. Now let L^^ : [/C*]"*" K,^ denote 
the inverse of Lp onto /C^. By proposing the Ansatz {u,v) := L~^[ — (w,^) — vr o $p(0,0)), for 
(w,^) G [/C*]^, the equation 7ro$p(u, u) = (0,0) becomes equivalent to the fixed-point problem for 
the map 

Mp ■.{w,0^7To Q^{L-^ ( _ (^, ^) _ V, o *p(0, 0))) 

on [/C*]-*-. For small enough p, the non-linear mapping (tu, ^) ^ ttoQ^^^L'^^ ( — {w, ^) — 7ro$p(0, 0))) 
verifies the estimates required to find a fixed point in a closed ball B C [/C*]-*- of radius equal to 
||$p(0, 0)||c2,axc0'« = C'(p^) by virtue of the /O-independent estimates that have been found for 
Lp^ and Q^. For example, for {w,S,) G -B, 

l|AAp(u;,Olb2,«xco," <C||*p(0,0)|| 

for p small enough; hence the set B is mapped to itself under Mp. Furthermore, Mp is a contraction 
on as a result of the biinear estimate on given above. Consequently, Mp must have a fixed 
point (w,^) G B which thus satisfies ||(w,^)||c2,axc0'« ^ Cp'^ for some constant C independent of 
p. The desired estimate follows. □ 

Remark: The solution {up,Vp) is in fact smooth by elliptic regularity theory and the estimate 
\\{up,Vp)\\ck,a^c'''°' — holds for all /c G N, where C is independent of p. 

5.4 Derivation of the Existence Condition 

The remainder of the proof begins with a more careful investigation of the integrals (I12p for all 
choices of / spanning /Cq. Recall that such / come from translation and [/(2)-rotation in the local 
coordinates at the point p; one can thus construct a basis for /Cq as follows. Let {U, r) • denote 
the motion of given hy z ^ U{z) + T where U G U{2) and r G C^. Then we consider the 
six-dimensional parameter family of motions of M given by 

7^ := { ( exp(iT5ifi + iT6if2), r) • : rs, rg G M and r := (n, . . . , G M^} 
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where 



'0 r 

.1 0, 



and 



K2 :-- 



i' 
-i 0, 



are elements in the Lie algebra of U{2) that generate all non-trivial C/(2)-rotations of E,.. Note 
that the orbit of Up under a small neighbourhood of the identity in TZ projects diffeomorphically 
onto a neighbourhood of [ZYp] € \J2{M)/ Diag. Denote by for i = 1, . . . 6 those motions which 
correspond to Tj = t and Xj/ = for i' ^ i. Note that each is Hamiltonian with respect to 



the Euclidean Kiihlcr structure, with JVf^'^^ := ^ 
belongs to /Cq. Indeed, the translations /i| 



d „W| 



(1) 



Moreover the restriction of to 
yield the functions cos(0*) and sin(0*) for 



\t=0^ 



s = 1, 2 while the [/(2)-rotations and f/f^ yield the functions sm(6^ — 6"^) and cosij)^ — 6"^). 

We can relate the integrals Ip \Up) to the ambient geometry of M to lowest order in p using the 
first variation formula along with Stokes' theorem. Let ;= {v^\ 1) and note that v^^ = v^^ = 0. 

Lemma 14. The following formula holds. 



t=o 



Proof. After a careful computation, we find 

J (/O) _ c(^))*(up, Vp) ■ i;(^)dVols, 

V • - c(^'))dVols, + v'f ^ J {f^^^ - c(^'))(w - Cj) 

+ / {f^'^ - c^'^)Lp{up, Vp) ■ (dVols. - dVol^J 

+ f (/O) _ c(^))P^(np, Vp) ■ ^;(^)dVols, + ^ {f'^'^ - c^'^)Qp{up, Vp) ■ v^^^dWol^^ 



(13) 



= -Vol{^i'^^\Y.r)) 



+ 



=0 -'Sr 

^ (/O) _ c^j))L{up, Vp) ■ v^^^dYol^^ + 0{p^) . 



Here we have used the expansion ^p{up, Vp) = $p(0, 0)+Lp{up, Vp) + Q p{up, Vp), where Lp = L+Pp 
and Qp is the quadratic remainder of the operator #p, along with the following facts: 

• ||('Up,'Up)|| and \\L {up,Vp)\\co and \\V ■ H{T,j.)\\c'^ are all 0{p^) 

• ll-Pp(^P>^p)llco < C p^{up,Vp)\\c2,<.^c^,<. = C(p^) 

• the difference between any of the volume forms appearing above is 0{p'^) 
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• /s. /^'^dVol^^ = which imphes |c(^)| = 0{p^) 

along with Stokes' Theorem. To complete the proof of the lemma, we note that the second term 
vanishes since (/^■'^ — c*--'^ belongs to the kernel of -L . □ 

Now, let {H(^), . . . , H^^)} be the vectors in T^Up] {^2iM)/ Diag^ corresponding to motions • • • , 

above. 

Proposition 15. Define the smooth mapping 

Tr ■■ \J2{M)/Diag M 
MK]):=rlR^-,{p)+4Rg{p) 

where the components of the complex Ricci curvature R'^^ and R^^ are computed with respect to the 
chosen frame. Then the mapping Gp : U2(M) defined by Gp{Up) := [lp^\Up), . . . ,lf^{Up)) 

satisfies 

GpiUp) = 4^Vir2 p^DTrm]) ' • • • , ^^'^) + O(p') • (14) 

Proof. We expand the terms appearing in ([13]). We begin with the derivative of the volume since 
it is the more involved quantity. We have 

Vol{pf\j:r)) = Vol{{Ut,Tt)-^r) = [ (det(/iF^,i)) d^^ A d^^ ^ 

J{Ut,Tt)-T.r 

where {Ut,Tt)- is the motion corresponding to /if^ while /iFp,t is the induced metric of {Ut,Tt) • 
with respect to the Kahler metric whose Kahler potential is Fp. But 

{det{hFp,t)Y^^de^ Ade^ = [ {det{hFt)y^^ d0^ Ade^ 



'(l/t,rt)-Sr 

where hpt is the induced metric of S,. with respect to the Kahler metric whose Kahler potential is 
Fp := Fp o [Ut,Tt), as can be checked fairly easily. Therefore to complete the calculation, one must 

1 /2 

find the first few terms of the Taylor series of (det(/ipp) in p and allow the integration over the 
torus to pick out certain terms. 

To this end, note that if / : ^ M is a real-valued function then elementary Fourier analysis 
shows that its restriction to the torus satisfies 

/ f{e''\e''') d9' A de' = 47r2(/(0) + r?/,n(0) + r^/^s^W) + Q^'Hr,,r2) (15) 



where Q^^^ consists only of terms coming from fourth and higher-order Fourier coefficients of f\j2- 



This formula can be seen by writing f{z, z) := /(O) + ■^{0)z^ + ^(O)z'^ + • • • and substituting 



z^ = r*^e'^'° ; the integration over the torus then causes all odd-order combinations of z^ and to 
vanish while giving exactly the terms in p5|) at order two. To apply this to the calculation at hand, 
first compute 

Fi{z, -z) := \\\Ut{z) +Tt\? + p\Fl)('Hz, z) + p'OiM") 
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where {Fp)^^\z,z) is the OdlzH^) term in the Taylor series expansion of Fp o (Ut,Tt). Now let 
Q^^\zi,Z2) denote a cubic polynomial in its arguments and observe 



a,b 

The 0{p'^) term is quartic and higher in r^e'^'' . Integrating and taking advantage of the fact that 

1 /2 

the cubic terms in the expansion of (det(/i^t)) must vanish we can express 

/ {dei{hp^))'''d^'^d9^= j rir2(l + ^5](F*)g)d0iAd02 + O(p4). (ig) 

Next, we write the first few terms of the Fourier expansion of the integrand (via the Taylor expan- 
sion) and integrate these to re- write the O(p^) part of (fT6]) as 



rir2 



j p'Y. r^r, Re((F*),,,-„.(0)e'(^"+^") + (F,*),ec-n.(O)e>(^"-^"))d0i A dO^ 



Performing this integral yields 

= 47r2rir2(l + /92(r2(F^)^i,„(0) + (r? + ri)(F;),i2i2(0) + ri(^^),2222(0))) + 0{p*) 

after explicitly expanding the sums over c and n. Therefore the lowest-order term in the expansion 
of ^Vol{{Ut,Tt) ■ ^r)\t^Q in p is 

d_ 
di 



47r^rir2 rf(F;),nii(0) + (rf + r2^)(F;),i2i2(0) + r2^(F;),2222(0) • (17) 



Using the expression (jl7p can be re-phrased in terms of the complex Ricci curvature of M as 

^ 4n\ir2(rlRf-,m,n)-p)+4R^^m,n)-p)) • 

We now turn to the difference of symplectic forms term. The expression oj — uj has leading order 
and the leading order part is an antisymmetric 2-tensor whose coefficients are homogeneous 
quadratic polynomials in z and z. Pulling this back to yields an expression whose leading order 
part is a homogeneous fourth degree polynomial in cos(0*) and sin(0^) for s = 1,2. Multiplying 
this by Z^*-* for z = 1,2,3 or 4 produces a fifth degree polynomial in these quantities. This always 
integrates to zero over the torus. Note that it is not necessary to consider the integrals against /^^^ 
or /(^) since v^^ = v^^^ = 0. Hence the magnitude of v*-*^ f^"^^ ■ {u — u) is determined by the 
next-to-leading terms in the expansion oi uj — Cj. These are all 0{p^). Expression p4|) follows. □ 
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5.5 The Proof of the Main Theorem 



In this section, we conclude the proof of the Main Theorem by showing that if the mapping Tr has 
a non-degenerate critical point [Z//p] in \J2{M)/ Diag, then Tj^iJAp) can be further perturbed into an 
exactly Hamiltonian stationary Lagrangian submanifold. This will then complete the proof of the 
Main Theorem. 

Theorem 16. Suppose \Up] is a non- degenerate critical point of the functional Tr defined in the 
previous section. If p is sufficiently small, then there is Up/ near Up so that the submanifold Tir(Upi) 
that was obtained via Theorem [1^ from the torus Ti^iJApi) is a Hamiltonian stationary Lagrangian 
submanifold. The distance between Up and Up' is 0{p'^). 

Proof. We must to find Up so that Gp(Up) vanishes identically. But the estimate of Proposition [T5] 
says that 

GpiUp) = 47rVir2 p^DM[Up]) ■ . . . , E^^)) + O(p') • 

Suppose now that L'J'>([^,]) = and D^J^r{[Up]) is non-degenerate. Since the norm of the inverse 
of D'^J^r{\^^p]) must be bounded above by a constant independent of p, then the implicit function 
theorem for maps between finite-dimensional manifolds implies that it is possible to find a neigh- 
bouring Z^p/ so that Gp{Upi) = provided p is sufficiently small. Furthermore the distance between 
Up and Up' as points in U2(M) is 0{p^), which is a consequence of the fact that the error term in 
the equation Gp{Up) = is C'(p^). As indicated above, this now implies that V--ff(Er-) is constant. 
Then the divergence theorem implies that it must vanish. □ 
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